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Abstract 

In this paper we consider some analytic properties of the high-energy quark-quark scat- 
tering amplitude, which, as is well known, can be described by the expectation value 
of two lightlike Wilson lines, running along the classical trajectories of the two colliding 
particles. We shall prove that the expectation value of two infinite Wilson lines, form- 
ing a certain hyperbolic angle in Minkowski space-time, and the expectation value of 
two infinite Euclidean Wilson lines, forming a certain angle in Euclidean four-space, are 
connected by an analytic continuation in the angular variables. This could open the pos- 
sibility of evaluating the high-energy scattering amplitude directly on the lattice or using 
the stochastic vacuum model. The Abelian case (QED) is also discussed. 



1. Introduction 



There is a class of soft high-energy scattering processes, i.e., elastic scattering processes 
at high squared energies s in the center of mass and small squared transferred momentum 
t (that is s ^ oo and \t\ <^ s, let us say \t\ < 1 GeV^), for which QCD perturbation 
theory cannot be safely applied, since t is too small. Elaborate procedures for summing 
perturbative contributions have been developed [||] 0, even if the results are not able to 
explain the most relevant phenomena. 

A non-perturbative analysis, based on QCD, of these high-energy scattering processes 
was performed by Nachtmann in . He studied the s dependence of the quark-quark (and 
quark-antiquark) scattering amplitude by analytical means, using a functional integral 
approach and an eikonal approximation to the solution of the Dirac equation in the 
presence of a non-Abelian external gluon field. 

In a previous paper we proposed an approach to high-energy quark-quark (and 
quark-antiquark) scattering, based on a first-quantized path-integral description of quan- 
tum field theory developed by Fradkin in the early 1960's 0. In this approach one obtains 
convenient expressions for the full and truncated-connected scalar propagators in an ex- 
ternal (gravitational, electromagnetic, etc.) field and the eikonal approximation can be 
easily recovered in the relevant limit. Knowing the truncated-connected propagators, 
one can then extract, in the manner of Lehmann, Symanzik, and Zimmermann (LSZ), 
the scattering matrix elements in the framework of a functional integral approach. This 
method was originally adopted in in order to study Planckian-energy gravitational 
scattering. 

The high-energy quark-quark scattering amplitude comes out to be described by the 
expectation value of two lightlike Wilson lines, running along the classical trajectories of 
the two colliding particles. 

In the center-of-mass reference system (c.m.s.), taking the initial trajectories of the 
two quarks along the x^-axis, the initial four-momenta pi, p2 and the final four-momenta 
p[ and P2 are given, in the first approximation [eikonal approximation), by 

p,^p[c^iE,E,Ot) , P2^P2-{E,-E,0t) . (1.1) 
Let us indicate with Xj* (r) and X2 (t) the classical trajectories of the two colliding particles 
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Fig. 1. The space-time configuration of tlie two liglitlike Wiison lines Wi and 
W2 entering in the expression (1.4) for the high-energy quark-quark elastic 
scattering amplitude. 



in Minkowski space-time: 



x5'(T) = ^r+KT , 4(T)=p^r, 



[1.2) 



where Zt — (0,0, z^), with Zj = {z^jZ^'), is the distance between the two trajectories in 
the transverse plane (the coordinates {x^,x^) are often called longitudinal cooidinsitcs) . 
The high-energy (s ^ 00 and \t\ <^ s) quark-quark scattering amplitude turns out to be 
controlled by the Fourier transform, with respect to the transverse coordinates z^, of the 
expectation value of the two lightlike Wilson lines running along ^^(r) and X2{t): 



Wi{zt) = Pexp 
W2{0) = Pexp 



hoo 

-ig I Af,{zt + piT)p^dT 

J —CO 

/+00 
A^{p2T)p'idT 
-co 



(1.3) 



where P stands for ^^path orderincj^ and = A'JjT"'. The space-time configuration of 
these two Wilson lines is shown in Fig. 1. 

Explicitly indicating the color indices . . .) and the spin indices {a,P, . . .) of the 
quarks, the scattering amplitude can be written as 



M 



fi 



{i^ia (P'l ) ^fc7 iP2 ) I ^ I (Pl ) V'M (P2 ) ) 



s— >oo 



d^fsS^s ■ 2s I d\e'^-'^{[WM) - l]i.[W^2(0) - l]ki)A , (1.4) 
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where (. . .)a is the average, in the sense of the functional integration, over the gluon field 
A^. is the fermion-field renormalization constant, which can be written in the eikonal 
approximation as 0] 

^ i-(Tr[Tyi(^0])A = ^(Tr[Tyi(0)])A = ^(Tr[Ty2(0)])A • (1-5) 

(The two last equalities come from the Poincare invariance of the theory.) 

In a perfectly analogous way one can also derive the high-energy scattering amplitude 
in the case of the Abelian group U{\) (QED). The resulting amplitude is equal to Eq. 
(1.4), with the only obvious difference being that now the lightlike Wilson lines Wi and 
W2 are functionals of the Abelian field (so they are not matrices). Thanks to the 
simple form of the Abelian theory (in particular to the absence of self-interactions among 
the vector fields), it turns out that it is possible to explicitly evaluate (at least in the 
quenched approximation) the expectation value of the two Wilson lines: the details of 
the calculation are reported in the Appendix of Ref. 0] and one finally recovers the 
well-known result for the eikonal amplitude of the high-energy scattering in QED []^ ||^ 

i- 

From Eq. (1.4) it seems that the s dependence of the scattering amplitude is all 
contained in the kinematic factor 2s in front of the integral. In fact we can write 



Mfi= {i)ia{p\)i^k-y{p'2)W\i)jp{pi)i)ls{p2)) ^^^-i ■ '2,3 ■ 5ap^^^ , (1.6) 

where, apparently, the quantity 

^7Mfe,fco(^' s) = ^ I dW'-^'mM) - 1].,[W^2(0) - 1]h)a (1.7) 



only depends on t = — q^. Yet, as was pointed out by Verlinde and Verlinde in |jTO[, this 
is not true: in fact, one can easily be convinced (for example by making a perturbative 
expansion) that it is a singular limit to take the Wilson lines in (1.7) exactly lightlike. As 



suggested in [|T0|, one can regularize this sort of "infrared" divergence by letting each line 
have a small timelike component, so that they coincide with the classical trajectories for 
quarks with a finite mass m. Therefore, one first has to evaluate the quantity 

gM{ij,ki){t^ (^) (1-8) 
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for two Wilson lines along the trajectories of two quarks moving with velocity [3 and —[3 
(0 < /3 < 1) along the In other words, one first considers two infinite Wilson 

lines forming a certain hyperbolic angle x Minkowski space-time. Then, to obtain the 
correct high-energy scattering amplitude, one has to perform the limit /3 — >■ 1, that is 
X — > CX3, into the expression (1.8): 

Mfi = {lpia{p'l)i'k'riP2)\M\i)jf3{pi)i'ls{p2)) ■ 2s ■ Saf^S-yS " gM{ij,kl)i^^ P ^ 1) • (1-9) 

In this way one obtains a Ins dependence of the amplitude, as expected from ordinary 
perturbation theory [|l| p| and as confirmed by the experiments on hadron-hadron scat- 
tering processes. In Sect. 3 we shall see how this explicitly works by evaluating the 
amplitude (1.7) for QCD up to the order 0{g^ in the perturbative expansion {gji being 
the renormalized coupling constant). 

The direct evaluation of the expectation value (1.7) is a highly non-trivial matter, 
as it is also strictly connected with the ultraviolet properties of Wilson-line operators 
Tl| . Recently, in Ref. [jl2|, it has been found that there is a correspondence between 



high-energy asymptotics in QCD and renormalization properties of the so-called cross 
singularities of Wilson lines. The asymptotic behavior of the quark-quark scattering 
amplitude turns out to be controlled by a 2 x 2 matrix of the cross anomalous dimensions 
of Wilson lines. An alternative non-perturbative approach for the calculation of the 
expectation value (1.7) has been proposed in Ref. [|13|. It consists in studying the Regge 



regime of large energies and fixed momentum transfers as a special regime of lattice gauge 
theory on an asymmetric lattice, with a spacing in the longitudinal direction and a 
spacing at in the transverse direction, in the limit a^/at — > 0. 

At the moment, the only non-perturbative numerical estimate of (1.7), which can be 
found in the literature, is that of Ref. (where it has been generalized to the case 
of hadron-hadron scattering): it has been obtained in the framework of the model of 
the stochastic vacuum (SVM). Before its application to high-energy scattering, the SVM 
must be translated from Euclidean space-time, in which it is naturally formulated, to the 



Minkowski continuum. As is claimed in Ref. [T^, the more safe way (from the point of 
view of the functional integration) would be the other way, i.e., to continue the scattering 
amplitude from the Minkowski world to the Euclidean world. 

In this paper we try to go just that way and adapt the scattering amplitude to the 
Euclidean world. More explicitly, we shall prove that the expectation value of two infinite 
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Wilson lines, forming a certain hyperbolic angle in Minkowski space-time, and the expec- 
tation value of two infinite Euclidean Wilson lines, forming a certain angle in Euclidean 
four-space, are connected by an analytic continuation in the angular variables. In Sect. 2 
we shall first prove this for the Abelian case (QED), by explicitly evaluating the correlation 
of two infinite Wilson lines both in Minkowski space-time and in Euclidean four-space, 
using the so-called quenched approximation. Then, in Sect. 3, we shall prove that this 
result can be extended also to non-Abelian gauge theories. Finally, in the last section, we 
shall discuss some interesting consequences (such as the re-derivation of the Regge pole 
model [0]) and some possible direct applications, mostly for lattice gauge theories (LGT) 
and the stochastic vacuum model, of this relationship of analytic continuation. 



2. The Abelian case 

In this section we shall discuss the Abelian case (See also Refs. [|l^] and [|l^). The 
fermion-fermion electromagnetic scattering amplitude, in the high-energy limit s oo 
and \t\ <C s, can be derived following the same procedure used in Ref. The resulting 
amplitude is formally identical to Eq. (1.4), with the only obvious difference being that 
now the Wilson lightlike lines Wi and W2 are functions of the Abelian field A^^ (so they 
are not matrices): 

Mf^ = {Mp'i)i^M)\M\Mpi)MP2)) 

s-oo'il ■ ^'^P^^' ■ 2^ / dW'-^'mizt) - 1][W,{0) - 1])a . (2.1) 

The electromagnetic lightlike Wilson lines Wi and W2 are defined as in (1.3), after re- 
placing g with e, the electric coupling-constant (electric charge), and the gluon field with 
the photon field. Thanks to the simple form of the Abelian theory (in particular to the 
absence of self-interactions among the vector fields), it turns out that it is possible to 
explicitly evaluate the expectation value of the two Wilson lines, thus finally recovering 
the well-known result for the eikonal amplitude of the high-energy scattering in QED 
(see Refs. 0, 1^ and [^). The details of the calculation are reported in Ref. [Q. 

The Wilson lines in (2.1) are taken exactly lightlike. We shall now let each line to 
have a small timelike component, so that they coincide with the classical trajectories for 
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fermions with a finite mass m. The electromagnetic hghthke Wilson hnes Wi and W2 are 
now defined as 



Wi{zt) 
W2{Q) 



exp 



exp 



Pi .Vi 



J-00 m 



dr 



-00 

hoo 



m 



-ie J A^{^T)^dT 



(2.2) 



m m 

where m is the mass of the fermions and Pi and P2 are the two four-momenta defining 
the two trajectories 1 and 2 in Minkowski space-time: 

M 
Pi 



m 



(2.3) 



In the c.m.s. of the two particles, taking the spatial momenta pi and p2 = — Pi along the 
-direction, the two four-momenta pi and p2 are 



p>l - E{1,P,0,), 



P2 



(2.4) 



where P is the velocity (in the units with c — 1) and E — m/^Jl — (5'^ is the energy of 
each particle (so that: s — AE'^). 

We shall evaluate the expectation value {Wi{zt)W2{0)) a in the so-called quenched 
approximation, where vacuum polarization efTects, arising from the presence of loops 
of dynamical fermions, are neglected. This amounts to setting det(ii'[74]) ~ 1, where 
K[A] — i^^Dn — m is the fermion matrix. Thus we can write that 



{Wi{Zt)W2mA 



[dA^y''^Wi{zt)W2{0) , 



(2.5) 



where Sa = —\ J d^xF^j^yF^^ is the action of the electromagnetic field and ^ — ^ \dA^e^^^ 
is the pure-gauge partition function. We then add to the pure-gauge Lagrangian = 



— \F^uF^^^ a gauge-fixing term Lqf = "^("^^^a*)^ {covariant or Lorentz gauge). The 
expectation value (2.5) becomes, denoting Lq = La + L( 



^GF, 



{Wiizt)W2m. 



[dA] exp 



; J d^x{L^ + A^r) 



(2.6) 
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where Z' = j [dA] exp (^i j ct^xlf^ and Ji'{x) is a four-vector source defined as 



J^{x) = Jg)(x) + Jf2^(x) = -e[e[',)(5(x - pt)5{^t - ^t) + t^^^^x + /3t)5(xi)] , (2.7) 



'(2)^ 



-(1) 



(2)^ 



witfi e^j^) = (1, /5, 0, 0) and e^g) = (1; ~/^) 0; 0)- The functional integral 



'(2) 



Zo[J] = j [dA] exp i y" d^x{L^ + J'^) 



(2i 



can be evaluated with standard methods (completing the quadratic form in the exponent) . 
One thus obtains 



Zq[J] = Z' ■ exp 



Ijd'xj d'yJ^{x)D,,{x-y)r{y) 



(2.9) 



where D^^, is the free photon propagator (apart from a factor —i): 



D^,v{x -y) = j 



d^k e-'^'-^'-y'^ ( , , kJz^ 
9ixv - (1 - a) 



(27r)4 A;2 + i£ 



+ IE 



(2.10) 



In the following we shall choose the gauge-fixing parameter a equal to 1 {Feynman gauge). 
Prom Eqs. (2.6) (2.10), we derive the following expression for the expectation value 
(2.5) of the two Wilson hues: 



X exp 



\ j d^x J dSJ(\){x)J(^2M J 



(27r)4 A;2 + i£ 



(2.11) 



Therefore, using the explicit form (2.7) of the four-vector source J'^{x) to evaluate the 
double integral in Eq. (2.11), one finds that (in the quenched approximation) 



~ exp 



—le 



'1 + 0^ 
, 2/? 



(27r)2k2 



le 



(2.12) 



We have made use of the Poincare invariance of the theory to write: (Wi)a = (Wi{zt))A = 
(1^1(0))^ = {W2{0))a- We now introduce the hyperbolic angle ip [in the plane {x^,x^)] 
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of the trajectory 1 in Eq. (2.3), i.e., ^X^i) — P^X^i), so that, if Al is the hne-distance 
{AP = (AX0))2 - {AXl^r = (A^o ))2(1 - P')) we have 

AX(°) = Alcoshij , 

AXj) - A/sinhV', (2.13) 

and, therefore, /3 = tanh^. With this notation, it is immediate to recognize that the 
/3-dependent factor in front of Eq. (2.12) is equal to coth(2'0); so that 



{W,{zt)W2{0))A 



(Wi) 



2 _ exp 

A 



• 2 1 /' " * 

-te coth V ■ / - — 
^ J (27r 



(27r)2 k? - i£ 



(2.14) 



where x = 2-^ is hyperbohc angle [in the plane (x'^jX^)] between the two trajectories 1 
and 2 of the two colliding particles. The exponential in the last equation turns out to be 
equal to 

g-ie2Acothx.gxp|^i|!-cothx-ln|z|j , (2.15) 

where A is an infinite constant phase and is therefore physically unobservable. The origin 
of this infinite constant phase resides in the fact that the fermion-fermion scattering am- 
plitude in QED has infrared (IR) divergences, due to the emission of low-energy massless 
vector mesons. The traditional way to handle these IR divergences is to introduce an 
IR cutoff in the form of a vector meson mass A. In this way the integral over in the 
exponent of Eq. (2.14) is substituted by the expression 



/ 



^ 7^^o(A|z,|) , (2.16) 



(27r)2k2 + A2 2n 



where Kq is the modified Bessel function. In the limit of small A this last expression can 
be replaced by 

^^»(^l^l).~o-^'"(k^l^'l) • P.17) 

Absorbing ^e^ in A and putting A — — (l/27r) ln(|e'''A) (so that A — > oo when A — > 0), we 
just obtain the expression (2.15) for the exponential in Eq. (2.14). 

We can now repeat the above procedure and evaluate the quantity (2.5) in the Eu- 
clidean theory. The electromagnetic lightlike Euclidean Wilson fines Wei and We2 are 
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defined as in (2.2): 



WElizt) 



exp 

exp 



/ + 00 
-oo 

Af\v2T)v2^,dT 



oo 

oo 



(2.18) 



where now vi/^ and V2fM are the Euclidean four-vectors [lying in the plane {xi, X4)] defining 
the two trajectories 1 and 2 in Euclidean four-space: 



X 



(2.19) 



and Ztf, 



[zi, Z2, Z3, Z4) = (0, Zt, 0). We can choose vi and V2 normalized to 1: vf 



1. 



Moreover, due to the 0(4) symmetry of the theory, we can choose the c.m.s. of the two 
particles, taking the spatial momenta Vi and V2 = — Vi along the Xi-direction. The two 
four-momenta Vi and V2 are, therefore. 



vii^ = (sin 0, Oj, cos 0) , 
V21U = (-sin0, Ot,cos0) , 



(2.20) 



where is the angle formed by each trajectory with the a:4-axis. As before, we can evaluate 
the expectation value {WEi{zt)WE2{0)) a (where now (. . .)a is the functional integral with 
respect to the gluon field A^^^ in the Euclidean theory) in the quenched approximation. 
Thus we have 



{WEl{zt)WE2{0))A 



1 



e-^A WEi{zt)WE2{0) , 



(2.21) 



where S^^^ ^ ^ / ^'^^eF^^^ F^^^ is the Euclidean action of the electromagnetic field and 
Ze — j [dA^^^\e~^^-^ ^ is the corresponding pure-gauge partition function. As usually, 

we add to the pure-gauge Lagrangian — a gauge-fixing term L^Qp — 

^{dfj,A^if^)'^ {covariantor Lorentz gauge) . The expectation value (2.21) becomes, denoting 



-{E) 



-(E) 



(E) 
GFi 



{WEi{zt)WE2mA ^-^j [dA^"^^] exp [- j d'xE{Lf^ + iAf^JE,) 



(2.22) 
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where ZL exp ^- ^ d'^XEL^o^^^ and Jeij,{xe) is a four-vector source defined as 



= e[t'i^5(xEi cos (p - xe4 sin (t))5{^Et - Zt) 

+t'2;^5(xEi COS + XeA sin 0)5(x£;t)] . 



The functional integral 



I [(i^(^)] exp [- I + lAf^JE,) 



(2.23) 



(2.24) 



can be evaluated with standard methods (completing the quadratic form in the exponent). 
One thus obtains 



^o^Vi=;] = ^'e ■ exp ~ j d^XE j d*yEJE,x{xE)D^^\xE - yE)JEu{yE) 



(2.25) 



where D^Jp is the free photon Euclidean propagator, i.e., 



d^kE e-'^^^^^^-f^) 



Jill/ 



a 



kEn^Eu 
^E , 



(2.26) 



In the following we shall choose the gauge-fixing parameter a equal to 1 (Feynman gauge). 
From Eqs. (2.22) (2.26), we derive the following expression for the expectation value 
(2.21) of the two Euclidean Wilson lines (including the regulating IR cutoff in the form 
of a small photon mass A, which must be put equal to zero at the end of the calculation): 



{WEl{Zt)WE2mA ^ {WEl{Zt))A{WE2m^ 



X exp 



- j d^XE j d^yEJ^El{xE)JEl{yE) J ^ 



d'^kE e-^'^^^^^-^/B) 



(27r)4 kl + X^ J ■ ^^-^^^ 

Finally, making use of the explicit form (2.23) of the four-vector source Jeii{xe) to eval- 
uate the double integral in Eq. (2.27), and using also the 0(4) plus translation invariance 
of the Euclidean theory to write: {Wei) a = (yVEi{zt))A = {Wei{0))a = {We2{0))a, one 
finds the result 



{WEl{Zt)WE2mA 



~ exp 



El/A 



-e^ cot e 



(27r)2 k2 + A2 



(2.28) 
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We have indicated with 6 = 2(1) the angle [in the plane (xi, X4)] between the two trajectories 
in Euclidean four-space. The angle 6 in Eq. (2.28) is taken in the interval [0,7r]: it is 
always possible to make such a choice by virtue of the 0(4) symmetry of the Euclidean 
theory. When comparing the two expressions (2.14) and (2.28), we immediately recognize 
that they are linked by the following analytic continuation in the angular variables: 

{WEl{Zt)WE2mA {W,{Zt)W2mA 

{W^)\ ^0 {Wei)\ ■ ^ ^ 

This allows to reconstruct the high-energy scattering amplitude by evaluating a correla- 
tion of infinite Wilson lines in the Euclidean world, then by continuing this quantity in 
the angular variable, 6 —iX) ^md finally by performing the limit % — > 00 (i.e., (3 1). 
In fact, from Eq. (2.1) we can write 

Mfi = {i^a{p'MM)\M\i^MMP2)) 

s^oo ~^ ■ 2s ■ SapS^s ■ gnit, X ^ 00) , (2.30) 
where the quantity gAiit, x) is defined as 

It was shown in Ref. |^ that, in the eikonal approximation, one can approximate the 
fermion-field renormalization constant as follows: 

~ {Wi)a . (2.32) 

Therefore gM{t, x ~^ 00) is exactly the Abelian version of the asymptotic amplitude (1.7). 
Moreover, whenever t is not exactly equal to zero, i.e., q 7^ (t = — < 0), the expression 
(2.31) reduces to 

^/.^■^■-■ <'^-';;';y°»v (2.33) 

Therefore g{t, x) turns out to be the Fourier transform, with respect to the transverse 
coordinates zt, of the quantity (2.14), which we have evaluated in the quenched approxi- 
mation. In the Euclidean theory we can define the corresponding quantity 



/dV-.<^!^^^f5^. (2.34) 
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This is just the Fourier transform, with respect to the transverse coordinates z^, of the 
quantity (2.28), which we have evaluated in the quenched approximation. Using the 
relation (2.29), we can derive that 

9Eit,e) — > 9Eit,-ix) = gMit,x) ; 

or : gM{t,x) — ^jM{t,iO) = gE{t,0) . (2.35) 



3. The case of QCD at order 0(p|) 



In this section we shall see that the same relationship of analytic continuation appears to 
be valid also for the case of a non-Abelian gauge theory: we shall prove this up to the 
order 0{gji) in perturbation theory {gn being the renormalized coupling constant). Let 
us consider the following quantity, defined in Minkowski space-time: 



9Mit,pi ■P2) 



72 



d''zte"'-'^{[Wi{zt) - 1].,[1^2(0) - l]ki)A 



(3.1) 



where pi and p2 arc the four-momenta [lying (for example) in the plane {x^,x^)], which 
define the two Wilson lines Wi and By virtue of the Lorentz symmetry, we can define 
Pi and P2 as in Eq. (2.4): that is, we choose, as the reference frame, the c.m.s. of the two 
particles, moving with speed /3 and — /3 along the x-'^-direction. Of course, c/m can only 
depend on the scalar quantities constructed with the vectors pi, p2 and q = (0, 0, q): the 
only possibilities are q^ — — = t and Pi-p2, because Pi-q — P2-q — and pi — P2 — nT'^ 
are fixed. In such a reference frame, we can write pi-p2 — nr^ coshx, where x = 2'0 (with 
P — tanh'^) is the hyperbohc angle [in the plane (x°,x^)] between the two Wilson lines 
Wi and W2. The Wilson fines are defined as 



W2{0) 



Pexp 
Pexp 



W I ^u-i^t + —r)—dr 
J-00 m m 

L 



-ig / — T — 

-00 mm 



(3.2) 
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Moreover, we have put, in Eq. (3.1), 



Zw ^ ^(Tr[W^i(z*)])^ = ^(Tr[W^i(0)])A = l^yr\WM\) a ■ (3-3) 



(The two last equahties come from the Poincare invariance.) This is a sort of Wilson- 
hne's renormahzation constant: as shown in Ref. [Q, Zp^/ coincides with the fermion 
renormahzation constant in the eikonal approximation. We want to exphcitly evaluate 
the quantity (3.1) up to the order 0{gj^) in perturbation theory. This corresponds to 
evaluate the Feynman diagrams in Figs. 2 and 3, where the two horizontal oriented lines 
represent the Wilson lines Wi and W2- First of all we need to expand Zw up to the order 
0{gj^) in perturbation theory: 

Zw = l + Z^^^gl + Oig'^) . (3.4) 

Clearly, we do not need to consider also the 0{gj^) piece, of the form Z^ gj^, since the 
expectation value (. . .)a in Eq. (3.1) is an object of order 0{gfi). As will become clear 

(2) 

in the following, we do not need to know the explicit expression for the coefficient Z^y . 
Since we are interested in evaluating the quantity (3.1) up to the order 0{g%), we need 
to consider also the effects of the renormalizations of the fields and the coupling constant 
g, up to the order 0{g]^). Using the conventional notation, we write 

A'; = zl/'A^j,^ ; g = Z,gn, (3.5) 

where the suffix "i?" denotes the renormalized quantities. Therefore, we have that 



Wi{zt)=Pexp 



-iZiwgR AR^{zt^ T)—dT 

j-oo m m 



(3.6) 



where the renormahzation constant Ziw is defined as 

Z,w ^ ZX^' = 1 + Z?^gl + 0(4) . (3.7) 
Since we are interested in evaluating the amplitude 

M{t,x) = J dW^-^'imizt) - 1UW2{0) - 1]m)a , (3.8) 
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up to the order 0{g^, the effects of Ziw are visible when we expand the Wilson lines Wi 
only up to the first order in g: 

AR^{zt + ^-^T)^dT+... . (3.9) 

-oo mm 

This corresponds to consider only the diagrams of the one-gluon-exchanged type, having 
the following amplitude: 

= ZiVMr(i,i) = Mr(i,i) + (ZiV - l)M^(i,i) , (3.10) 

where Mjki^i) is the "rcnormalizcd" one-gluon-exchanged amplitude, obtained from M(i^i) 
by substituting the coupling constant g in front and the gluon field with the corre- 
sponding renormalized quantities: 

= -9UT%{T%i^ I dW'-' [dr [ d.j{A%^{zt + ^T)AU-^))A • (3.11) 

J J J m m 

In our notation, M(j denotes the contribution to the amplitude M, defined in Eq. (3.8), 
obtained after expanding the Wilson hues Wi up to the order 0{g^) (i.e., up to the 
term containing i gluon fields) and expanding the other Wilson line W2 up to the order 
0{g^) (i.e., up to the term containing j gluon fields). Moreover, we define: Mjn^ij) = 
^iw~^^^^{i,j)- If wants to compute M(i^i) up to the order 0{gjf), one must proceed as 
follows, by virtue of Eqs. (3.10) and (3.4): 

M(i,i)|,4 = M^(i,i)|,4 + 2Z[%gl ■ M^(i,i)|,^ . (3.12) 

The expression for M/j(i can be immediately derived: it corresponds to the diagram 
shown in Fig. 2(a). In a given Lorentz gauge with a (bare) gauge parameter a, the free 
gluon-field propagator is given by 



k h 



One thus finds that 



M('^)(t,x) = Mfi(i,i)(t,x)l4 = ^^y^cothx • {G^^jm , (3-14) 
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where Gi is the color factor for the one-gluon-exchanged process: 



{Gi)ij,ki 



rpc 

J- (2) 



(3.15) 



Let us observe that Mjj(i i)|f,| is gauge-independent, since the gauge parameter a does 
not appear at the right-hand-side of Eq. (3.14). The last term of Eq. (3.12) can be 
represented by the diagrams in Figs. 3(q) and 3(r), in which we have put a counterterm 
of the form -iZ}5J.^|(T")i. j in one of the two vertices between the gluon line and a Wilson 
hue. So we have that 



M^^\t,x)=M'-^\t,x) 



zfw9R ■ 7^cothx • {Gi)ij,ki 



(3.16) 



The expression for the one-gluon-exchanged renormalized amplitude up to the order 
0{g^), i.e., Mij(i i)|f,4 , is given by the sum of the contributions from the diagrams shown 
in Figs. 2(a), 3(1) to 3(p): this last one represents the insertion of a counterterm {Z3 — 
l)5ab{k^k'' — g^^'^k'^) into the gluon line. In other words, one has to compute the quantity 
(3.11), using the renormalized gluon propagator up to the order 0{g]^) when evaluating 
the expectation value {A'}^^{zt + ^t)A'^j^^{^uj))a- That is, in a given Lorentz gauge with 
a renormalized gauge parameter an — Z^^a: 



d^k 



(3.17) 



where D'^^^lk) is given by 



DtAk) 



Zz'Dtik) 



ab 



k"^ + ie 



1 + n«(A;2 



k^ky 
k^ + ie 



(3.18) 



Ujilk'^) is a finite function of order 0{g'ji), whose precise form depends on the renormal- 
ization scheme which has been adopted: 



Iln{k')=glF<^'\e) + 0{g 



(3.19) 
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At this point one can derive the full expression for the amplitude Mr(i i) : 



Let us observe that, differently from MR(i^i)|g2 , the value of Mjk^i^i) is gauge-dependent, 
since the gauge parameter aR does appear inside Ilij at the right-hand-side of Eq. (3.20). 
This is also generally true for the other diagrams in Figs. (2) and (3). Therefore, for the 
following calculations, we shall fix the gauge parameter to 1 (the so-called Feynman 
gauge). Eq. (3.20) is the full expression for Mij;(i i), not truncated at any perturbative 
order. Yet, we are only interested in the espression for Mij(i i) up to the order 0{gji): 

M^(i,i)(t,x)l4 = gl^[l-glF^'\t)]zcothx-{G,),,,ki ■ (3.21) 

Therefore, the contribution coming from the 0{g^ diagrams shown in Figs. 3(1) to 3(p) 
is given by 

M«(t,x) + . . . + M^^\t,x) = ~g'/^i ooihx ■ {G,),,,ki . (3.22) 

The contribution of order 0{gji) coming from the two Feynman diagrams shown in Figs. 
2(b) and 2(c) is obtained by multiplying the two pieces of order 0{g^) for each of the 
two terms Wj — 1 in Eq. (3.8): i.e., we must evaluate the contribution M(2,2)|g4. The 
contribution M^^^ coming from the graph in Fig. 2(b) is conventionally called ladder term, 
while the other contribution M^''\ coming from the graph in Fig. 2(c), will be called cross 
term. These two contributions can be evaluated in perturbation theory and the final 
result is (in the Feynman gauge, where aR — 1) 

M(^)(t,x) + M(^)(t,x) = 

= M(2,2)(i,x)l4 = M^^^\t,x) ■ {Gi)ij,M + M(^^\t,x) ■ iG2)ij,M , (3.23) 

where Gi has been already defined in Eq. (3.15) and G2 is the color factor for the ladder 
process in Fig. 2(b), i.e., 

G2 = (T('1)T(\)) ® (T('^2)T(^2)) , 
{G2)ij,ki = {T-T%{T-T\i. (3.24) 
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In writing Eq. (3.23), we have made use of the following relation for the color factors: 

{T''T%{T''T-)ki 

= {T^T%{T^T%i + ^{rUr)u ^ {G,),j,,i + ^(Gi).,,,, , (3.25) 

which can be easily recovered using the algebra of the generators T", i.e., [T",T^] = 
ifahcT^') is the number of colors of the theory (the gauge group is SU{Nc)). The 
coefficients M'^^^^t^x) and M^^^\t,x) iii front of the color factors in Eq. (3.23) are 
found to be 

4 



M(^^)(t,x) = i^/(t)xcoth^x; 



47r 



M(^^n^,x) = -^4^(t)coth2x. (3.26) 



In the previous expression we have adopted the conventional notation 



/ 



£kt 1 1 

(27r)2 k? + A2 (q - kt)^ + 



(Remember that: t = — q^). The quantity A is the usual regularizing gluon mass, used as 
an IR cutojf. it must be put equal to zero at the end of the calculation. 

We shall now compute the contribution from the diagrams in Figs. 2(d) to 2(i). They 
are 0{gj^) diagrams, obtained after expanding one of the two Wilson lines up to the order 
0{g'^), and the remaining one up the first order in g. We shall denote the sum of all these 
contributions by M(3 1)1^4^ + M(i 3)|g4 , in agreement with the notation introduced above. 
One thus finds that 

M(3,i) 1,4 = Z^^^gl ■ M^(i,i) + AM(3,i) , 

M(i,3) I4 = Z^^gl . M«(i,i) 1,^ + AM(i,3) , (3.28) 

where AM(3_i) and AM(i^3) are divergent quantities, whose regularized expressions depend 
on the adopted renormalization scheme. In the minimal subtraction (MS) renormalization 
scheme one finds that 



- + B 

e 



(3.29) 
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where e — {A — D)/2, D being the number of space-time dimensions, and S is a finite 
number (as e goes to zero). In the same renormahzation scheme (MS), one also has that 
(always in the Feynman gauge an — 1): 



Z,w^l + zSlgl + 0(gj,) , with : Z^l 



(47r) 



(3.30) 



Therefore, from Eqs. (3.29) and (3.30), one immediately concludes that 



AMr 



(3,1) + AM(i,3) + 2Zilgl ■ = • 



9l 



2N,B . 



(3.31) 



In other words, the divergence contained in AM(3 i) + AM(i 3) is exactly calcelled out by 
the two diagrams with the counterterm Z^, represented in Figs. 3(q) and 3(r). Finally, 
we have to evaluate the two diagrams in Figs. 3(j) and 3(k): in agreement with the 
notation introduced above, we shall denote their contribution by M(2,i)|g4 and M(i^2)|g|, 
respectively. However, explicit calculations show that their contribution vanishes: 



M(2,i)|4 = M(i,2)U = 



9r 



(3.32) 



At this point we can sum up all the contributions previously evaluated in order to find the 
complete expression for the amplitude M, defined by Eq. (3.8), up to the order 0{gj^. 
We find that 



M(t,x)| 



9r 



Mh(i,i)(*.x)IjJ + A/h(2,2)(*,x) ■ (3.33) 



Introducing here the expressions found above for M/j(i_i)|g| [see Eq. (3.14)] and for 
^R{2,2) Ip^ [see Eqs. (3.23) and (3.26)] , we finally find the following expression for M{t, x) Igjj- 



^(^,X)I4 = y|-^cothx 



X 



1 + { 2Z£) - F(^)(t) + ^ + ^t/(t)xcothxl gl 



(47r)2 47r 



l)ij,kl 



-^gtiHt) cotii^ X ■ iG2)ij,ki ■ 



(3.34) 
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This expression allows us to immediately derive the quantity g'M(i,x), defined by Eq. 
(3.1), up to the order 0{gj^). In fact, making use also of the expansion (3.30) for the 
renormalization constant Ziw, one finds that: 



M{t,x) 



= ^^-icothx 



2K,B iV, 



(47r)2 An 



(Gi) 



ij,kl 



kl 



(3.35) 



The quark-quark scattering amplitude in the high-energy limit turns out to be, up to the 
order 0(^^), 



fMiS,t)\g4 



9r. 



SapS^s ■ 2s • gnit, x ^ oo) \gj^ 



2s 



where we have used the notation 



(3.36) 



a{t) = 



An 



An 



(3.37) 



We have used the fact that both /3 and ip (or equivalently x) dependent on s. In fact, 
from E = — and from s — AE'^, one immediately finds that 



Arm? 



(3.38) 



By inverting this equation and using the relation (5 — tanh'^, we derive that 



s — Am^ cosh^ = 2m^(coshx + 1) . 



(3.39) 



Therefore, in the high-energy limit s — > oo (or /3 ^ 1), the hyperbolic angle x = 2^0 is 
essentially equal to the logarithm of s: 



— 2ip ~ In s . 



(3.40) 
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Moreover, coth^ ~ 1 in this limit. This is why we have been able to approximate 
the 0{gj^ term which multiplies {Gi)ijM as reported in Eq. (3.36). The result (3.36) 
is exactly what can be found by applying ordinary perturbation theory to evaluate the 
scattering amplitude up to the order 0{gj^ |]T| 0. In particular, as was pointed out in the 
Introduction, the Ins factor in Eq. (3.36) comes from the fact that it is really a singular 
limit to take the Wilson lines in (3.1) exactly on the light cone. As first predicted in 
|T0| , a proper regularization of these singularities give rise to the Ins dependence of the 
amplitude, as confirmed by the experiments on hadron-hadron scattering processes. 

We want now to repeat the analogous calculation for the Euclidean theory. Let us 
consider, therefore, the following quantity, defined in Euclidean space-time: 

gE{t,Vr .V,) = ^ f dW^-^'dWElizt) - lUy^E2{0) - l]kl)A , (3.41) 

where Zt = (0, z^, 0) and the expectation value (. . .)a must be intended now as a functional 
integration with respect to the gauge variable A^^^ in the Euclidean theory. The Euclidean 
four-vectors Vi and V2 [lying (for example) in the plane (xi,X4)] define the two Wilson 
lines Wei and We2- we can take vi and V2 normalized to 1, with respect to the Euclidean 
scalar product (that is, vf = = 1). Clearly, qe can only depend on the scalar variables 
constructed using the vectors Vi, V2 and Qe = (0, q, 0): they are (?|; = = —t and Vi ■ V2, 
since Qe ' Vi = Qe ■ V2 = ^ and vf = V2 = 1 are fixed. By virtue of the 0(4) symmetry 
of the Euclidean theory, we can choose a reference frame in which fi and V2 have the 
following values: 

Vi = (sin0. Of, COS0) ; 

V2 = (- sin0, Ot, COS0) , (3.42) 

with a value of between and 7r/2 (so that the angle 20 between the two trajectories is 
in the interval [0, vr]). In such a reference frame, we can write Vi-V2 = cos 6', where 6 = 2(f) 
is the angle [in the plane (xi, X4)] between the two Euclidean Wilson lines Wei and We2- 
These last are defined as 



WEi{zt) = Pexp 
We2{0) = Pexp 



+00 

-tg I A)f>{zt + ViT)vi^dT 
f+00 

-ig / Af\v2T)V2^,dT 



(3.43) 
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where A^^f^ — A^^^^T". Moreover, we have put 

zew = Y^mwEiizt)]) = Y^mwEim) = Y^mwE2m) ■ (3.44) 

(The two last cquahtics come from the 0(4) plus translation invariance.) We want to 
explicitly evaluate the quantity (3.41) up to the order 0{g'^ in perturbation theory. 
Therefore, we have to evaluate the Feynman diagrams in Figs. 2 and 3, where the two 
horizontal oriented lines now represent the Euchdean Wilson hues Wei and We2- As 
before, we need to expand Zew only up to the order 0{g^ in perturbation theory: 



'EW 



^+Z'ilgl + 0{g\) , (3.45) 



even if, as will become clear in the following, we shall not need to know the explicit 
expression for the coefficient Z^w- As in the previous case, we need to consider also the 
effect of the renormalizations of the fields and the coupling constant g^, up to the order 
0{g]f), that is: 

^ ^i/2^ga ; g^Z.gn, (3.46) 



where the suffix "i?" denotes the renormalized quantities. Therefore we have that 



WEiizt) = Pexp 



iZiwgR / + viT)vind'^ 



(3.47) 



the renormalization constant Zm/ being defined by Eq. (3.7). The renormalization con- 
stants in Eq. (3.46) are the same as those in Eq. (3.5) for the Minkowski world, if we 
adopt the same renormalization scheme (for example, the MS scheme) for the Euclidean 
theory and the Minkowskian one. In such a case, the correspondence 

Ao{x) ^ tA^ixE) , Ak{x) ^ Ai''\xE) (with : x° -ixea) (3.48) 

between the bare gluon fields in the two theories, turns into the same correspondence for 
the renormalized gluon fields: 

Am{x) ^ iA^Si^E) , ARk{x) ^ A^r^{xe) (with : x° ^ -ixE4) • (3.49) 
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[As a matter of fact, the renormalization constants Z3, Zg^ etc., are always evaluated in 
the Euclidean world, also when they refer to the Minkowskian one: when evaluating these 
constants in Minkowski (momentum) four-space, one always performs a Wick rotation to 
Euclidean (momentum) four-space.] 

We shall evaluate the amphtude 

E{t, 6)^1 dW^-^'{[WEi{zt) - l]y [^^£2(0) - l]ki)A , (3.50) 

up to the order 0{g'^). As in the previous case, the effects of Ziw are visible when 
we consider only the diagrams of the one-gluon-exchanged type, having the following 
amplitude: 

= = -^^(1,1) + i^iw ^ ^)Er{i,i) , (3.51) 

Er{i,i) being the "renormalized" one-gluon-exchanged amplitude: 

^i?(M) = -9l{T^UT')kiVi,V2. J d\e'^-'*l dr J duj{A^^}\zt + v,T)A^S\^^2io)) a • 

(3.52) 

In our notation, denotes the contribution to the amplitude E, defined in Eq. (3.50), 
obtained after expanding the Euclidean Wilson hue Wei up to the order 0{g'^) (i.e., up 
to the term containing i gluon fields) and expanding the other Euclidean Wilson hne We2 
up to the order 0{g^) (i.e., up to the term containing j gluon fields). Moreover, we define 
Eii(^ij) = Z^-^'^-'^ E(^ijy We have to compute -^(i,!) up to the order 0{gji), which, by virtue 
of Eqs. (3.51) and (3.7), is given by 

^(1,1) I4 = ^R(i,i) I4 + 2^{S^5'^ ■ \gi ■ (3.53) 

The expression for £'^^(1^1) |gr^, corresponding to the diagram shown in Fig. 2(a), can be 
derived using in the calculation the Euchdean free gluon-field propagator. This last, in 
any given Lorentz gauge with a (bare) gauge parameter a, is given by 



r /-I \ ^EukEu 

V -(!-«) ,2 



^-ikE(xE-yE) _ (3 54) 



The contribution coming from the one-gluon-exchange process pictorially represented in 
Fig. 2(a), comes out to be, with the notation already introduced for the color factor, 

E^^\t,9) = EK(i,i)(t,^)l4 = 9l]cot9- iG^),,,ki . (3.55) 
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The last term of Eq. (3.53), represented by the diagrams in Figs. 3(q) and 3(r), is given 

by 



kl ■ 



(3.56) 



The first term in Eq. (3.53), i.e., 1^,^, is the one-gluon-exchanged renormahzed 

amphtude up to the order 0{g^. It is given by the sum of the contributions from the 
diagrams shown in Figs. 2(a), 3(1) to 3(p). [This last one represents the insertion of 
a counterterm {Z^ — l)5ah{kEijkEv — ^nvk%) into the gluon line.] Therefore, one has to 
compute the quantity (3.52) using the renormalized gluon propagator up to the order 
0{g]i) when evaluating the expectation value {A^Ri^"'{zt + vir)A^^J'' {v2U})) a- That is: 



(27r) 



The expression for D^^J^''{kE) can be derived from the corresponding expression (3.18) for 
D'Rfiu{^)y making use of the correspondence law (3.49) between the (renormalized) gluon 
field in Minkowski four-space and the (renormalized) gluon field in Euclidean four-space. 
^^Rflv^i^E) is obtained from D'^^^,[k) by making the replacements 



-5, 



ikEi , k - 
kfxki, > kEfxkEv 



^e) ; 



(3.58) 



Therefore, in a Lorentz gauge with a renormalized gauge parameter aR = ^a, D^]iJ^''{kE) 
is given by 



Ke 



O/iu n — 



1 + IlR{-kl) 



+ an 



kEfikEu 



k% 



(3.59) 



where Ur is exactly the same finite function of order 0{gjf), appearing in the expression 
(3.18) for the gluon propagator in Minkowski space-time: 



^Ri-kl)^9lF('\-kl) + 0{gi). 



(3.60) 
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As said before, the precise form of Ur depends on the renormahzation scheme which has 
been adopted. At this point the derivation of the full expression for the amplitude -^^(i,!) 
is rather immediate and gives 



The value of -E_r(i,i) is gauge-dependent (as Mjj(i i) was, too), since the gauge parameter 
aR does appear inside Hr at the right-hand-side of Eq. (3.61). For the following calcu- 
lations we shall fix the gauge parameter aR to 1 {Feynman gauge), in conformity with 
the choice we have made in the previous case. Eq. (3.61) is the full expression for £'^(1,1), 
not truncated at any perturbative order. Yet, we only need the espression for Er(i^i) up 
to the order 0{gji): 

£^«(i,i)(t, ^)l4 = 9l][l - 9lF^'\t)] cot 9- (Gi),,,,, . (3.62) 

Therefore, in the Euclidean theory, the contribution coming from the 0{gf() diagrams 
shown in Figs. 3(1) to 3(p) is given by 

^«(t, 9) + ... + E^\t, 9) = -g^R^^-j^ cot 9 ■ {G,),^,ki ■ (3.63) 

The contribution of order 0{gj^ coming from the two Feynman diagrams shown in Fig. 
2(b) (the ladderieim) and Fig. 2(c) (the cross term), i.e., the contribution £"(2,2)1^1, turns 
out to be (in the Feynman gauge = 1) 

E^''\t,9) + E^''\t,9) = 

= £(2,2)(t, ^)|4 = £;(«i)(t, 9) ■ {G,)i,,,i + E^'^'^t, 9) ■ {G2)iiM , (3.64) 

where Gi and G2 are two color factors defined in Eqs. (3.15) and (3.24). The coefficients 
E^'^^\t, 9) and E^'^^\t, 9) in front of the color factors in Eq. (3.64) are found to be 

E^G-\t,9) = ^l{t)9cot'9; 
47r 

E^''^\t,9) = ^^^7(i) cot^ ^ . (3.65) 
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The contribution £'(3^1)1^4 + £'(13) 1^4 from the diagrams in Figs. 2(d) to 2(i), obtained 
after expanding one of the two Wilson hnes up to the order 0{g^), and the remaining one 
up to the first order in g, can be written as 

-£'(3,1) I4 = Z'^w9r ■ I4 + ^£(3,1) , 

^(1,3) I4 = ^wfl'l? • ^R(i,i) I4 + ^^(1,3) , (3.66) 

where Ai?(3j) and A£'(i 3) arc divergent quantities, whose regularized expressions depend 
on the adopted renormalization scheme. In the MS renormalization scheme one finds that 



9r ri 



{Any 



+ B 

e 



(3.67) 



where B is the same finite number (as e goes to zero), which appears in the corresponding 
expression (3.29) for the Minkowskian case. From Eq. (3.67) and from the expression 
(3.30) of Zi\Y up to the order 0{g]^), one immediately derives that 

A£(3,i) + A£(i,3) + 2Zi%gl . Enii,i) I4 - £i?(i,i) I4 • J^^^^B . (3.68) 

As in the Minkowskian case, the divergence contained in A£'(3 1) + A£(i 3) is exactly 
cancelled out by the two diagrams with the countcrtcrm Z[^^, represented in Figs. 3(q) 
and 3(r). Finally, one has to evaluate the contributions £(2,1)1^4 and £(1,2)194 , represented 
by the two diagrams in Figs. 3(j) and 3(k), respectively. Again, explicit calculations show 
that their contribution vanishes: 



^(2,1) I4 = £(1,2) 14 = 0. (3.69) 

We can now sum up all the contributions previously evaluated in order to find the complete 
expression for the amplitude £, defined by Eq. (3.50), up to the order 0{gji): 

■En^,^^^{t,e)\g.^ + En^,^,^{t,e) . (3.70) 

Introducing here the expressions found above for £^(1,1) [see Eq. (3.55)] and for 
Er(2,2) Ip^ [see Eqs. (3.64) and (3.65)] , we finally find the following expression for E{t, 0) 1^: 



E{t,e)\ 



l+(2Zg),-£(^)(t) + 



2iVc£^ 



9\ 
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X 



1+ 



ij,kl 



+-gpit)coee-{G2)ij,M . 



(3.71) 



The quantity gsit, &), defined by Eq. (3.41), can be immediately derived up to the order 
0{gji), making use also of the expansion (3.45) for the renormalization constant Zew' 



E{t,0). 



9r 
1 



K 



9rj cot e 



■(Gi) 



ij,kl 



+^gpit)cotH-iG2h,ki . 



(3.72) 



After comparing the two expressions (3.35) and (3.72) for gM{'t,x)\gj^ ^-iid gE{t- 



4 , we 



immediately recognize that they are linked by the following analytic continuation in the 
angular variable: 



9E{t,-ix)\„i = 9M{t,x)\ 



4 



or: gM{t,x)\g%-^„9M{t,i 



K 



9Eit,9)\ 



4 • 



(3.73) 



This is the same relation we have already found in the preceding section for the corre- 
sponding quantities in the Abelian case. It appears to be an absolutely "naturaF cor- 
respondence law. There is apparently no reason why it should not be true at higher 
perturbative orders: we shall therefore assume that it is valid for the "fuW amplitudes, 
i.e., not truncated at any perturbative order. In the next section we shall discuss some 
interesting consequences and some possible applications of this relationship of analytic 
continuation. 



4. Concluding remarks and prospects 

In the preceding section we have seen that also for a non-Abelian gauge theory it is 
possible to reconstruct the high-energy scattering amplitude by evaluating a correlation of 
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infinite Wilson lines forming a certain angle 6 in Euclidean four-space, then by continuing 
this quantity in the angular variable, 9 — > —iX) where x is the hyperbolic angle between 
the two Wilson lines in Minkowski space-time, and finally by performing the limit x — > oo 
(i.e., (3 — s> 1). In fact, the high-energy scattering amplitude is given by 

Mfi = {lpia{p'l)'ipk^{p'2)\M\lljjp{pi)llJls{p2)) 

, ~oo ~^ ■ 2-5 ■ 5ap5^s ■ gM{t, X ^ oo) • (4-1) 

The quantity gM{tiX)i defined by Eq. (3.1) in the Minkowski world, is linked to the 
corresponding quantity gEit,9), defined by Eq. (3.41) in the Euchdean world, by the 
following analytic continuation in the angular variables: 

9E{t, 6) — ^ gE{t, -ix) = 9M{t, x) ; 
or : gM{t,x) -^QM{t,i9) = gEit,9) . (4.2) 

The important thing to note here is that the quantity gE(t,9), defined in the Euchdean 
world, may be computed non perturbatively by well-known and well-established tech- 
niques: first of all, of course, by means of the formulation of the theory on the lattice. 



Also the stochastic vacuum model |T^, which is naturally defined for the Euclidean the- 
ory, may provide a suitable instrument to evaluate the quantity (3.41). In all cases, once 
one has obtained the quantity gE{t,9), one still has to perform an analytic continuation 
in the angular variable 9 —iXi ^i^nd finally one has to extrapolate to the limit x ^ oo 
(i.e., j3 1). We are fully aware that this may not be an easy way. Nevertheless, inter- 
esting new results are expected along this direction. As an example, we shall show how, 
using this approach, one can re-derive the well-known Regge Pole Model [|15|, but in a 
different way, with respect to the original derivation. First of all, we write gE{t, 9) in the 
partial- wave expansion: 

oo 

gEit,9) = Y.A{t)Pi{cos9) . (4.3) 

1=0 

If Ai{t) can be analytically continued to complex values of /, then we can re-write Eq. 
(4.3) in the following way: 

4/ ^'W^-'--^ ^ (4.4) 

2i Jc sm(7r/) 

where C is a contour in the complex Z-plane, running anti-clockwise around the real 
positive 1-axis and enclosing all non-negative integers, while excluding all the singularities 
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of Ai. Eq. (4.4) can be verified after recognizing that Pi{— cos 9) is an integer function of 
I and that the singularities enclosed by the contour C of the expression under integration 
in the Eq. (4.4) are simple poles at the non-negative integer values of I. So the right- 
hand side of (4.4) is equal to the sum of the residues of the integrand in these poles and 
this gives exactly the right-hand side of (4.3). The "minus" sign in the argument of the 
Legendre function Pi into Eq. (4.4) is due to the following relation, valid for integer values 
oil: 

Pi{- cosO) = {-iyPi{cose) . (4.5) 

Then, we can reshape the contour C into the straight hue 3?(Z) = — |- Eq. (4.4) then 
becomes 

^ ^r„(t)P (.)(- cos») _ 1 X,(t)P,(-cos<)) 
Si«.3;-i sin(™.(t)) 2i Li-ioo sin(xi) ^ ' 

where Q;„(t) is a pole of Ai{t) in the complex Z-plane and r„(t) is the corresponding residue. 
We have assumed that Ai vanishes enough rapidly as |Z| — > oo in the right half-plane, so 
that the contribution from the infinite contour is zero. Eq. (4.6) immediately leads to 
the asymptotic behavior of the scattering amplitude in the limit s ^ oo, with a fixed t 
{\t\ -C s). In fact, making use of the analytic extension (4.2) when continuing the angular 
variable, 9 — ix, we derive that 

9M(t,x) = gE{t,-ix) 

y nrnjt) Pa„it){- cosh x) _ J_ Ai{t) Pi{- cosh x) ,^ 

The hyperbolic angle x is linked to s by the relation (3.39). Therefore we can re-express 
cosh X in terms of s in the following way: 

coshx = ^-l- (4.8) 

The asymptotic form of Pa{z) when |z| — > oo is well known. It is a linear combination of 
2;" and of z"""^. When K(q;) > —1/2, this last term can be neglected. Therefore, in the 
limit s — > 00, with a fixed t {\t\ <S s), we are left with the following expression: 

gM{t,x^oc)r. ^f^' (4-9) 
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where /5„(t) is independent on s (it only depends on t). The integral in Eq. (4.7), usually 
called the background term, vanishes at least as s~^/^. Eq. (4.9) allows to immediately 
extract the scattering amplitude according to Eq. (4.1): 

s^oo ■ ^■S ■ ^a/sSjS ■ Quit, X ^ OO) 

«(«f^_i sm(7ra„(t)) 

This equation gives the explicit dependence of the scattering amplitude at very high energy 
s — ^ oo and a fixed transferred momentum t {\t\ <^ s). As we can see, this amplitude 
comes out to be a sum of powers of s. If we put a(t) = 1 + an{t), where an{t) is the pole 
with the largest real part (at that given t), we can also write 

M;,~ 5,^5^5 ■^(t)s^W . (4.11) 



This sort of behavior for the scattering amplitude was first proposed by Regge in [T^ 
and a{t) is often called a Regge pole" . In the original derivation [|l^, the asymptotic 
behavior (4.11) was recovered by analytically continuing to very large imaginary values 
the angle between the trajectories of the two exiting particles in the t-channel process. 
Instead, in our derivation, we have analytically continued the quantity (3.41), defined in 
the Euclidean theory, to very large (negative) imaginary values of the angle 6 between 
the two Euclidean Wilson lines. As in the original derivation, we have assumed that the 
singularities of Ai are simple poles. If there are other kinds of singularities, different from 
simple poles, their contribution will be of a different type and, in general, also logarithmic 
terms (of s) may appear in the amplitude. Only a precise evaluation of gE(t, G) can reveal 
such behaviors (after the analytic continuation). In the preceding section this was done 
up to the order 0{gji) in perturbation theory. New interesting results are expected from 
a non perturbative approach, for example by directly computing gE{t, 0) on the lattice or 
by means of the stochastic vacuum model. 
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FIGURE CAPTIONS 



Fig. 2. The contributions of tlie type (l,!)!^ [(a)], (2,2)1^4 [(b) and (c)], (3,1)1^4 [from 
(d) to (f)] and (1,3)1^4 [from (g) to (i)] to tlie amplitudes (3.8) and (3.50). The 
notation is explained in the text. 

Fig. 3. The contributions of the type (2,1)1^4^ [(j)], (1,2)1^4 [(k)], (1,1) of order 0(^^) [from 
(1) to (p)], plus the counterterms [(q) and (r)], for the amplitudes (3.8) and (3.50). 
The notation is explained in the text. 
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